This paper presents an analytical method to investigate the effects of symmetric and asymmetric elastic supports on the nonlinear equilibria and buckling responses of shallow arches. It is found that arches with symmetric elastic supports can bifurcate into secondary paths with high order symmetric modes. When a small asymmetry exists in the elastic supports, the equilibria of the arch may abruptly split and lead to the occurrence of remote unconnected equilibria. Such unconnected equilibria can be obtained experimentally or numerically using typical path following controls only with prior knowledge of location of these paths. A small asymmetry in the elastic supports may also make a secondary branch shrink into points connecting surrounding equilibria, resulting in the appearance of more limit points. The analytical solutions are also derived to directly calculate critical loads. We find that the magnitude of the stiffness of symmetric elastic supports has no influence on limits loads and bifurcation loads at branching into secondary paths with symmetric configurations, but greatly affect the bifurcation loads of secondary paths with asymmetric configurations. All critical loads are very sensitive to the degree of asymmetry in the elastic supports. The asymmetry in the supports reduces the top values of all pairs of critical loads * Co-first authors with equal contribution † Co-first authors with equal contribution ‡ Corresponding author. Tel: +1-713348704; Fax:+1-7133485268 compared to the case of symmetric elastic supports. The results obtained from the analytical derivations are confirmed using finite element analysis (FEA).
Introduction
Shallow arches can often be found as structural components of complex structures in civil, mechanical and aerospace engineering. When these initially curved structures are transversely loaded, they can exhibit complex nonlinear responses such as coexisting stable and unstable equilibria. The structures with such underlying equilibrium manifold are subject to snap-through buckling that involves sudden transitions between the coexisting equilibrium states and can significantly exacerbate the fatigue failure [1, 2, 3] .
The nonlinear stability of curved beams with pinned and clamped boundary conditions has been extensively studied. In early work, Fung and Kaplan [4] focused on using few sine terms to obtain solutions for pinned arches subjected to sinusoidal, concentrated and distributed loads. Schreyer and Masur [5] investigated the instability of clamped circular arches by analytically solving the differential equations and discussed the conditions for symmetric and asymmetric buckling to occur. These two pioneering studies had been extended by many researchers to examine the effects of prebuckling deformations on limit and bifurcation loads [6, 7, 8] , to derive exact critical loads for half-sine arches under a midpoint load without truncating the Fourier series [9, 10] , to include thermal effects on buckling and postbuckling behaviors [11, 12, 1, 13, 14, 15, 16] , and to study arches with other initial shapes and loading mechanisms [17, 18, 19, 13, 20, 21, 22] . In these investigations, the stability boundaries for symmetric and asymmetric snap-through buckling were established. Researchers had also conducted various studies on the nonlinear stability of arches with geometric imperfections [23, 24, 25, 26, 27] , non-symmetric boundary conditions [28, 29] , and load offsets or imperfections [30, 23, 31, 24, 25] . It was found that the critical loads and post-buckling responses of shallow arches are very sensitive to these imperfections.
The arches used in actual engineering applications are not necessarily pinned or clamped at the two ends. They are usually elastically constrained by the adjacent structural components. Despite the extensive studies of nonlinear buckling of arches with pinned and clamped boundary conditions, the research on nonlinear stability of elastically constrained arches is limited. Chen et al. [32, 33] adopted Fourier series to study the nonlinear buckling of hinged-hinged sinusoidal arches on elastic foundations. They found that more modes are required to obtain accurate solutions for equilibria and buckling loads when elastic foundations exist than in the case without elastic foundations in [32] and characterized the conditions under which a buckled beam on elastic foundation snaps symmetrically or asymmetrically in [33] . Pi and coworkers [34, 35, 36, 37, 38] performed a series of studies on the nonlinear stability of circular arches that were elastically supported (radially and axially) or rotationally restrained by analytically solving the differential equations. In [34, 35] , they determined the limiting shallowness under that the arch switches from limit to bifurcation buckling and established the relationship between the flexibility of the elastic constraints and the limiting shallowness. In [36, 37, 38] , unequal rotational end restraints were considered and equilibrium paths with loops and multiple pairs of limit points were observed. The vibration properties, dynamic stability and nonlinear dynamics of elastically constrained arches were also investigated [39, 40, 41, 42, 43, 44] . These topics however do not make the scope of the current paper.
The existing studies on nonlinear static stability of shallow arches with elastic constraints demonstrated the significant influence of elastic boundary conditions on the equilibria and buckling loads. However, most of the solutions in these studies were only derived for the shallow arch with a specific initial shape (e.g., half-sine, circular, parabolic). Moreover, these studies failed to explore remote unconnected equilibria, which were recently found to exist for pinned-pinned arches with asymmetric geometric imperfections [26] . Remote unconnected equilibria were also identified experimentally by Harvey and Virgin [2] for a pinnedpinned arch under off-center transverse load. Note that the remote unconnected equilibria can only be retrieved in the experiment by manually perturbing the system to the remote state (relying on prior knowledge of the remote unconnected equilibrium configurations).
In the current paper, we use an analytical approach to study the nonlinear stability of shallow arches that are elastically supported at the two ends in the vertical direction. We first derive the analytical solutions to the nonlinear equilibria and critical loads for shallow arches. Unlike many previous studies on elastically constrained arches, these solutions are valid for arches with arbitrary initial shapes. These analytical solutions are then applied to specific arches. In previous studies [26, 27] , the authors examined the influence of geometric imperfections on pinned-pinned arches using a Fourier series representation of the functions involved. In contrast, in this work, the buckling modes of a straight beam with the same elastic support conditions are used to represent the solution, similar to the approach used in [45, 46, 47] . Many unique and interesting behaviors are reported in this current paper. Elastically constrained arches can bifurcate into secondary paths with high order symmetric buckling modes (further referred to as symmetric secondary paths). To the best of the authors' knowledge, the bifurcation from a primary equilibrium path into higher order symmetric secondary paths has never been reported in the literature for elastically constrained shallow arches. When a small asymmetry is introduced into the elastic supports, these symmetric secondary paths do not change qualitatively. In contrast, the secondary paths with asymmetric buckling modes (later called asymmetric secondary paths) vary dramatically when a small asymmetry exists in the elastic supports. Unlike the case of arches with asymmetric geometric imperfections, not all asymmetric secondary paths completely disappear, leading to the split of the equilibria and the emergence of remote unconnected equilibria. Some of them just suddenly contract into points connecting nearby equilibria, resulting in appearance of new limit points on the solution paths.
The analytical solutions that can directly calculate critical loads are used to investigate the influence of elastic supports on critical loads. It is found that bifurcation loads at branching into symmetric secondary paths and limit loads stay the same when the stiffness of the symmetric supports changes, but are very sensitive to the level of asymmetry that the elastic supports have. In contrast, the bifurcation loads at branching into asymmetric secondary paths are very sensitive to both the magnitude of the stiffness for symmetric supports and to the degree of asymmetry in the elastic supports. Moreover, all pairs of critical loads have maximum upper values when the supports are symmetric and decrease with increase in the degree of asymmetry, which is also different from the behavior observed in arches with geometric imperfections. Many of these critical loads tend to stop varying when the degree of asymmetry becomes very high. Critical loads are less sensitive to the asymmetry of elastic supports than to geometric imperfections.
Many previous studies of snap-through of shallow arches focused on predicting the buckling load of the structures because they are typically designed to avoid working under such conditions. However, snap-through of shallow arches has recently been widely used in the development of smart switches, sensors, energy harvesters, and non-volatile memories [48, 49, 50, 51, 52, 53] . The shallow arches in these structures are designed to undergo snap-through and to work in post-snap regions. Therefore, the investigation of the effect of elastic boundaries on the existence of remote unconnected equilibria and post-buckling behaviors may provide useful guidance for the design of these structures.
Equilibrium and buckling equations
In this section, the nonlinear equilibrium and buckling equations are derived for elastically constrained slender shallow arches ( Fig. 1) with arbitrary initial shapes y 0 (x) and subjected to arbitrary vertical loads Q(x). In the figure, y(x) and l denote the deformed configurations and the horizontal span of the arch respectively. S 1 and S 2 represent the stiffness of two elastically supported springs at the left and right ends respectively. A large displacement Euler-Bernoulli beam theory is used to model the geometric nonlinearity. Elastic isotropic and homogeneous material properties are assumed for the arch. 
Equilibrium equations
The governing equation of the equilibrium states of vertically elastically supported shallow arches can be written as [14, 26] EI
and it satisfies the following boundary condition
Here
∂x 2 is an approximation of the axial load and leads to reasonably accurate results for shallow arches, E is elastic modulus; A and I are the area and moment of inertia of the cross section, respectively. 
Introducing the dimensionless variables
where the superscript represents the differentiation to ξ, r = I/A is the radius of gyration of the cross section, and
dξ is the dimensionless axial force. The boundary conditions in Eq. (2) are then transformed into
To solve the differential equilibrium equation (3), we express the initial and deformed shapes of the shallow arch using series expansion as follows:
where Y n (ξ) should satisfy the elastic support boundary condition in Eq. (4) and have certain orthogonality properties. In this paper, the buckling mode shapes of a straight beam having the same elastic support boundary condition are adopted as Y n (ξ). The modes can be derived by solving the characteristic equation
with the boundary condition
The mode shapes Y n (ξ) are obtined as follows:
where
The mode shapes Y n (ξ) satisfy the following orthogonality conditions:
(10) More detailed discussions about the mode shapes Y n (ξ) can be found in the Appendix A.
The dimensionless external load q can then be expanded as
where q n = 2 π π 0 qY n (ξ)dξ. Substituting Eqs. (5) and (11) and into Eq. (3) and using the orthogonality conditions of Y n (ξ), the algebraic equilibrium equations can be obtained:
Buckling equations
The components of the tangent stiffness matrix K can be derived from Eq. (12) as follows:
where R n is the equilibrium residual (the left hand side of Eq. (12)).
When a structure reaches a critical condition, its tangent stiffness is singular. Therefore, the buckling equation can be obtained as follows:
Critical loads can be obtained by solving Eqs. (15) and (12) together.
Application to the concentrated load
To facilitate the derivations of the closed-form solutions for the equilibrium and buckling equations, a concentrated load applied at the middle span of the arch is considered. The solutions are valid for shallow arches with arbitrary initial shapes (u 0 = ∑ ∞ n=1 β n Y n (ξ)) and two vertical elastic supports with arbitrary stiffness (s 1 and s 2 ). Using the same procedure, the solutions for arches under other types of loads can be easily obtained.
Let the dimensionless external load q = − π 2 λδ(ξ − π/2) and q n = −λb n . The load coefficients b n are obtained:
where c n can be found from Eq. (36) in the Appendix A. Substituting q n and b n into Eq. (12), the following equilibrium equations are derived:
with a n given in Eq.(10).
Primary equilibria and limit loads
When a n p = 1, the deformation-mode coefficients α n for the primary equilibrium states and limit points can be calculated as
Primary equilibria
Substituting the coefficients α n into Eq. (14), a quadratic equation for the loading parameter λ in terms of the dimensionless axial load p is obtained
where A 1 , B 1 and C 1 are functions of p and defined as
The solutions of the quadratic Eq. (19) give the loading parameter λ as
Substituting the mode coefficients α n from Eq. (18) into Eq. (5), the displacement field can be obtained:
(22) Here, ∆u(ξ) is assumed to be positive in the negative y direction ( Fig. 1) .
As pointed out in the Appendix A, the displacement ∆u calculated directly using the mode shapes Y n (ξ) does not include all displacement contribution of the elastic support. The following two types of displacement will be calculated instead: (1) the displacement ∆v excluding any displacement contribution of the elastic support: (2) The displacement ∆w including all displacement contribution of the elastic supports:
, where ∆ 1 = R 1 /S 1 and ∆ 2 = R 2 /S 2 are the displacement of the elastic supports due to the vertical reaction force R 1 and R 2 at the two ends of the arch. The expressions for the displacement ∆v and ∆w are as follows:
∆v and ∆w at the load location can then be derived as
where A 2 , B 2 and C 2 are
The coefficients A 2 and B 2 are functions of p. The closed-form expressions of B 2 and C 2 depend on the initial shape of the arch.
Eqs. (24) and (21) provide the primary equilibrium states as implicit functions of (∆v mid , λ) and (∆w mid , λ).
Limit loads
When (15) is not equal to zero and the critical loads in this equation represent the limit loads. In this case, Eq. 15 can be further simplified into
Substituting the values of α n from Eq. 18 into Eq. 26, a quadratic equation for the loading parameter λ lim that governs the limit point buckling can be obtained as
(1 − a n p) 3 ,
are functions of the non-dimensional axial force p. The solutions to Eq. (27) are
The limit loads for the arch with the vertical elastic supports can be obtained by satisfying both Eqs. (29) and (21) since limit points also need to satisfy equilibrium conditions.
Secondary equilibria and bifurcation loads
When a n p = 1, bifurcated equilibrium states can exist if β j − λb j = 0 (the right hand side of Eq. (17)) for arbitrary λ.
Secondary equilibria
The even order mode coefficients are β n = 0 (n = 2, 4, 6, ...) for shallow arches with initially symmetric shapes. The even order loading coefficients are b n = 0 when two vertical supports have equal stiffness s 1 = s 2 (see Eq. (16)). Therefore, initially symmetric arches with symmetric elastic supports may bifurcate into secondary equilibrium paths with asymmetric mode shapes when p = 1/a n = k 2 n (n = 2, 4, 6, ...). Odd number load coefficients b n = c n (1 + sin(nπ/2)) are equal to zero for n = 3, 7, 11, .... If the arches have initial shapes with certain symmetric mode coefficients β n = 0, the structures can also bifurcate into secondary branches with symmetric mode shapes when p = 1/a n = (n + 1) 2 with n = 3, 7, 11, .... This bifurcation into secondary paths with symmetric deformation modes is a new phenomenon identified in this paper and has not been reported in previous studies for shallow arches with elastic supports.
When the structure has a bifurcation branch of mode Y j (ξ) (either symmetric or asymmetric), the bifurcation mode coefficients α j cannot be obtained from Eq. (18) since its denominator is zero. It can be calculated in a different manner by substituting the mode coefficients α n (n = j) obtained from Eq. (18) and the bifurcation mode coefficient α j into Eq. (13) . Using p = 1/a j , α j can be obtained as follows:
where A 4 , B 4 and C 4 are
The bifurcated displacement fields ∆v(ξ) and ∆w(ξ) can then be calculated as follows:
(32) Consequently, the displacements of secondary paths at the midspan ∆v mid and ∆w mid are
where A 5 , B 5 and C 5 are
It can be found that the displacements ∆v mid and ∆w mid vary linearly with respect to the loading parameter λ on the bifurcated equilibrium paths.
Bifurcation loads
Since bifurcated and primary equilibrium states intersect at bifurcation points when p = 1/a j , the bifurcation loads can be determined from Eq. (19) by setting p = 1/a j and n = j:
where p = k 2 n (n = 2, 4, 6, ...) and p = (n + 1) 2 (n = 3, 7, 11, ...) for asymmetric and symmetric secondary branches respectively.
Influence of asymmetric elastic supports
When two elastic supports have unequal stiffness (s 1 = s 2 ), the even order loading coefficients are b n = c n (
) cos k n π 2 = 0 for a general case, but the even order mode coefficients of the initial configuration β n are still equal to zero. Thus when p = 1/a n = k 2 n (n = 2, 4, 6, ...), the equilibrium equation (17) can only be satisfied when the loading parameter is λ = 0. From Eq. (30), the asymmetric bifurcation mode coefficient is α j = √ C 4 , where C 4 is defined in Eq. (31) . In order for α j to have a real non-zero solution, C 4 has to be larger than zero. Therefore, even when the elastic supports of the arch become slightly unequal, the secondary paths with asymmetric mode shapes have abrupt changes. If C 4 is less than or equal to zero, these asymmetric secondary paths disappear and the primary equilibrium paths will split at p = k 2 n (n = 2, 4, 6, ...), leading to the occurrence of remote unconnected equilibria that cannot be captured in FEA or experiments without initially perturbing the system. If C 4 is larger than zero, these asymmetric secondary equilibrium states shrink into points connecting nearby equilibria for a zero external load (λ = 0). Such behavior is different from geometrically imperfect shallow arches with pinned-pinned boundary conditions [26] , where the existence of a small imperfection in all asymmetric modes make all asymmetric secondary paths disappear and multiple remote unconnected equilibria occur.
In contrast, the load coefficients b n = c n (1 + sin(nπ/2)), with n = 3, 7, 11, ..., are still equal to zero, when the elastic supports are not symmetric (s 1 = s 2 ). Therefore, the secondary branches with symmetric deformation mode shapes still exist and do not have sudden changes like those for asymmetric secondary paths, when the elastic supports have slightly different stiffness.
Result discussions of specific arches
In this section, the effects of symmetric and asymmetric elastic supports on equilibrium states and critical loads are investigated for shallow arches with two vertical elastic supports having stiffness s 1 and s 2 respectively. The procedure presented in this paper can be applied for arches with arbitrary shapes as described by eq. 5. The primary focus of this paper is to investigate the influence of the elastic supports stiffness on the buckling and post-buckling response of shallow arches. Without loss of generality we present here only the results for arches with an initial shape u 0 = h/2(1 − cos 2ξ) (h is dimensionless rise). Results for other shapes (e.g., parabolic, not included here in the interest of brevity) are qualitatively similar and would not change the conclusions of this paper.
The results obtained from the analytical derivations are verified with the finite element analysis (FEA). All finite element simulations are performed using the Finite Element Analysis Program (FEAP) [54] , a research code that includes most commonly used finite element formulations and provides a reliable framework for developing new user formu- [55] ) is used to obtain both the symmetric and asymmetric bifurcated equilibrium states in FEA. At a bifurcation point, the eigenvector associated with the zero eigenvalue of the stiffness matrix is scaled and added to the solution on the primary path to generate a predictor for the secondary path. The predictor is then corrected by the arclength method and a converged solution on the secondary path can then be obtained.
Three different initial dimensionless heights are chosen: h = 7.5, 15.0 and 22.5. These three values are adopted so that one, two and three pairs of limit points exist for the structure with equal elastic stiffness, respectively. Note that the physical rise-to-span ratio of the selected arch equals hr/l.
Effects of Elastic supports on equilibrium States
The equilibrium states of the arch with the nondimensional rise h = 7.5, represented in the parameter spaces (p, λ) and (∆v mid , λ), are shown in Fig. 2 . The projection of the equilibrium states on the space of internal axial load and external applied load (p, λ) was introduced in [5, 37, 26] and is referred to as axial equilibrium plot in this paper. This axial equilibrium plot can effectively show how the critical points appear and whether the equilibrium states are connected or not. In the figure, the solid and dashed curves represent the primary and secondary equilibria obtained from the analytical expressions, with gray curves denoting remote unconnected equilibria, while the square, triangle and plus markers illustrate the primary and bifurcation equilibrium states obtained using FEA. Note that plus markers denote the remote unconnected equilibria obtained by FEA by perturbing the structure towards each remote unconnected branch. It is only possible to use FEA to obtain these remote unconnected equilibria under the guidance of analytical results, which inform us in choosing the perturbations. We can see that the results obtained from the analytical derivations match well with those from the FEA.
Close examination of Fig. 2a reveals that the arch with symmetric elastic supports (s 1 = s 2 = 5) has one primary equilibrium path (solid curve) with one pair of limit points (L 2 -L 2 ) and two secondary equilibrium paths (dashed lines) with two pairs of bifurcation points (B 1 -B 1 and B 3 -B 3 ). When naming these pairs of critical points, the symbols "L" and "B" are used to distinguish the limit and bifurcation points. The subscript number under these symbols gives the order of appearance of the critical pairs on the equilibrium path. We also use the name of the bifurcation points to represent the corresponding secondary path. The two secondary paths B 1 -B 1 and B 3 -B 3 are asymmetric secondary paths since they occur when the dimensionless axial force is p = k 2 2 and k 2 4 respectively. Two representative deformed configurations on these secondary branches are shown in Fig. 3 . As explained in Section 3.2, the lowest non-dimensional axial force for the symmetric secondary path to appear is p = (n + 1) 2 with n = 3, which is above the maximum axial force that this arch has (Fig. 2a) . Therefore, no symmetric bifurcation path occur for this arch. The typical illustration of equilibrium states in the parameter space (∆v mid , λ) is shown in Fig. 2b .
The equilibrium states of the arch with the right vertical support having a slightly larger stiffness (s 2 = 6) are shown in Fig. 2c . Comparing this axial equilibrium plot with Fig. 2a , we can see that a small asymmetry of the elastic supports makes the equilibrium path split at the locations where two asymmetric bifurcated paths B 1 -B 1 and B 3 -B 3 exist for the arch with symmetric supports (i.e., at p = k 2 2 and p = k 2 4 ). These two asymmetric bifurcated paths disappear and two remote unconnected equilibrium paths emerge (gray curves in Fig. 2c) . The two pairs of bifurcation points B 1 -B 1 and B 3 -B 3 also disappear and two new pairs of limit points L 1 -L 1 and L 3 -L 3 occur. Each remote unconnected equilibrium path has one loop and one pair of limit points (L 2 -L 2 and L 3 -L 3 ). To help the visualization of remote unconnected equilibria in the parameter space (∆v mid , λ) (Fig. 2d) , they are marked as gray curves there. Note that no remote unconnected equilibira are retrieved in our finite element simulations because these equilibria are disconnected with the primary solutions.
When the arch has a larger non-dimensional rise h = 15.0 (either a larger rise H or smaller thickness t since h = H/r and r is proportional to t) and two vertical supports with equal stiffness s 1 = s 2 = 5, the structure has a more complex primary equilibrium path and three more secondary equilibrium paths (Fig. 4a versus Fig. 2a ). In total, two pairs of limit points (L 4 -L 4 and L 6 -L 6 ) and five pairs of bifurcation points (B 1 -B 1 , B 2 -B 2 B 3 -B 3 , B 5 -B 5 and B 7 -B 7 ) exist. Among the five secondary paths, the branch B 3 -B 3 (blue dash-dotted line and red cross markers) is a secondary path with symmetric deformed configurations since it occurs when the dimensionless axial force is p = (n + 1) 2 with n = 3 (see the theoretical analyses in Section 3.2). This can be further verified from Fig. 5 , which shows the deformed configuration of the arch on this branch when the non-dimensional external load λ is zero. In the existing studies of nonlinear stability of shallow arches under transverse loads, it is not uncommon to see that the arch may have secondary equilibrium paths with asymmetric or anti-symmetric deformations. However, to the best of the authors' knowledge, it is the first time to identify that an elastically constraint shallow arch under a transverse load can bifurcate from a primary path with a lower order symmetric mode (e.g., one wave) into a secondary path with a higher symmetric mode (e.g., three waves). This phenomenon has not been reported in any existing study for nonlinear buckling of shallow arches with elastic supports, pinned or clamped boundary conditions. The analytical solutions for the symmetric secondary path B 3 -B 3 (blue dash-dotted line) also match well with those from FEA (red crosses). Fig. 4b shows the equilibrium states that When the vertical supports of the arch (h = 15.0) have slightly unequal stiffness s = 5 and s 2 = 8, abrupt changes occur for all four asymmetric secondary paths (4c). Unlike the arch of h = 7.5, the equilibrium paths here do not split at every asymmetric secondary path. Only the first asymmetric bifurcated path (B 1 -B 1 ) disappears since C 4 < 0 for this case, but all other asymmetric secondary paths (B 2 -B 2 , B 5 -B 5 or B 7 -B 7 ) contract into single points with λ = 0 in the axial equilibrium plot because C 4 > 0. This is correctly predicted by our theoretical analyses in Section 3.2. This is also different from pinned-pinned shallow arches with asymmetric geometric imperfections where a small general asymmetric geometric imperfection (i.e., small imperfections in all asymmetric modes) makes the equilibrium path splits at all secondary paths and multiple remote unconnected path occur [26] . As predicted from our theoretical analyses, the originally symmetric secondary path (B 3 -B 3 ) only slightly varies and becomes a little shorter. The small asymmetry in the boundary condition makes the bifurcation points B 1 -B 1 , B 2 -B 2 , B 5 -B 5 and B 7 -B 7 disappear, and four pairs of limit
The remote unconnected equilibrium path (gray curves and the dashed-dotted line) have five pairs of limit points (five loops) and one pair of bifurcation points. The equilibrium states represented in the parameter space (∆v mid , λ) are shown in Fig. 4d .
When the arch has an even higher rise h = 22.5, the equilibrium states and critical loads are similar to the case Figs. 4 and 6 ). For the case of equal stiffness (s 1 = s 2 = 5), the primary equilibrium path have one more loop and three more pairs of secondary equilibrium paths ( Fig. 6a and 6b ). At p = (7 + 1) 2 , the secondary path B 7 -B 7 is another symmetric branch with even higher order mode shapes (seven waves). The equilibria and critical points of the arch (h=22.5) with unequal support stiffness (s 1 = 5 and s 2 = 10) are shown in Fig. 6c and 6d . Qualitatively similar changes occur for the primary and secondary equilibrium paths. It is concluded that shallow arches with equal elastic supports may bifurcate into secondary equilibrium paths that have higher order symmetric deformation mode shapes, which have not been previously reported for shallow arches under transverse loads with elastic, pinned or clamped boundary conditions. When the non-dimensional rise h of the arch increases, equivalent to increasing the physical rise or decreasing the dimensional thickness, the primary equilibrium path has more loops with more pairs of limit points. There are also more asymmetric and symmetric secondary equilibrium paths, which occur for p = 1/a n with n = 2, 4, 6, ... and n = 3, 7, 11, ... respectively.
A small asymmetry in the elastic boundary condition causes abrupt changes for the asymmetric secondary paths. The small asymmetry of the support makes the asymmetric secondary paths either entirely disappear or shrink into a connecting point at a zero external load. The complete disappearance of the asymmetric secondary path split the equilibrium solutions into different parts, leading to the occurrence of remote unconnected equilibria. The continuous parameter variation techniques in FEA and experiments are not able to retrieve these remote unconnected equilibria. A slightly asymmetric boundary condition also makes bifurcation points on the asymmetric secondary paths switch into limit points. However, no sudden and qualitative changes happen to the secondary branches with symmetric deformation shapes. 
Effects of Elastic Supports on Critical Loads
To investigate the influence of the elastic supports on critical loads including those on remote unconnected equilibria, the derived analtyical solutions (Eqs. 29 and 35) to the buckling equations are used to directly calculate the limit and bifurcation loads without the need to solve the equilibrium equations. If finite element methods are used instead, they typically need to trace nonlinear equilibrium paths to identify critical loads and many simulations are usually required to obtain the critical loads for different parameters such as the magnitudes of the stiffness of elastic supports. Fig. 7a shows the variations of the critical loads with respect to the stiffness of two symmetric vertical supports (s 1 = s 2 = 2s) for the arch with an initial dimensionless height h = 7.5. For the combined stiffness s smaller than ten, one pair of limit loads (L 2 -L 2 ) and two pairs of bifurcation loads (B 1 -B 1 and B 3 -B 3 ) exist. When the stiffness of the symmetric vertical supports varies, the limit loads L 2 -L 2 are constant since the symmetric vertical supports do not induce any elastic deformations for the arch on the primary equilibrium path. However, the asymmetric bifurcation loads can be greatly influenced by the magnitude of the support stiffness in certain ranges. It is because the bifurcation points, where the primary and secondary intersect, appear for p = k 2 n (n=2,4,6..) and k n depends on the magnitude of the support stiffness (Fig. 10b) . The asymmetric bifurcation loads B 1 -B 1 first come close until they overlap and then separate quickly as the combined stiffness s is increased from zero to about twenty. These two bifurcation loads barely vary when the combined stiffness s is larger than twenty. In constrast, the asymmetric bifurcation loads B 3 -B 3 slightly move away when the combined stiffness is 0.1 < s < 5, and then dramatically approach each other until they finally disappear for the stiffness s > 5.
The effects of the asymmetry of elastic supports on critical loads are shown in Fig. 7b loads come towards each other and the magnitude of the upper critical loads decreases. All upper critical loads have maximum values and also maximum distance from the lower ones when the elastic supports have equal stiffness s 1 = s 2 (see Fig. 2a and Fig. 2c for how a small asymmetry make the equilibrium states contract and critical pairs come closer).
Increasing s 2 /s 1 and decreasing s 2 /s 1 have qualitatively similar but quantitatively different influence on the critical loads, since the curves of these critical loads have similar shapes on the two sides of s 1 = s 2 = 5 but are not symmetric with respect to s 1 = s 2 = 5. The limit loads L 1 -L 1 and L 2 -L 2 eventually disappear on the left side of s 1 = s 2 = 5 but become constant on the right side of s 1 = s 2 = 5. The limit loads L 3 -L 3 show the opposite trend.
The effects of the support stiffness on the critical loads of the arch with a higher rise h = 15 are illustrated in Fig. 8 . In this figure, only the upper part of each pair of critical loads is plotted since it provides the stability boundary that buckling analyses typically seek to identify. In addition, the critical loads are divided into three different groups (subplots) for easier visualization. In group one, the critical loads are always limits loads for both symmetric and asymmetric elastic supports ( Fig. 8a and 8b) ; In group two, the critical loads are bifurcation loads for symmetric supports but become limit loads for asymmetric supports (Fig. 8c and 8d) ; In the last group, the critical loads are always bifurcations loads for both symmetric and asymmetric elastic supports (Fig. 8e and  8f) .
Close examination of the left three subplots of Fig. 8 reveals that when the two elastic supports have equal stiffness s 1 = s 2 , the variation of the stiffness does not affect the limit loads (Fig. 8a) but significantly influence the asymmetric bifurcation loads in certain ranges (Fig. 8c) , which are similar to the arch with a smaller rise h = 7.5. Unlike the case of h = 7.5, symmetric bifurcation loads (Fig. 8e ) exist and are constant for the whole range of the stiffness because the bifurcation points at the intersection of the primary and symmetric secondary paths occur when the non-dimensional axial loads are p = (n + 1) 2 with n = 3, 7, 11, ..., which are independent of the support stiffness.
When fixing the stiffness of the left support s 1 = 5 and changing the stiffness of the right support s 2 from 0.1 to 600 (the right three subplots in Fig. 8 ), the critical loads have qualitatively similar varying patterns as those of the critical loads for h = 7.5. Each critical load has a maximum value for equal stiffness (s 1 = s 2 = 5), and continuously decrease as the degree of asymmetry becomes higher (increasing or decreasing s 2 from the vertical dashed line). Decreasing s 2 /s 1 and increasing s 2 /s 1 have similar but quantitatively different effects on the critical loads. Unlike the case of h = 7.5, only the left part of the critical load L 1 disappears and all other critical loads still exist and tend to settle to constant when the degree of asymmetry is high.
From the above analyses, we find that limit loads and symmetric bifurcation loads do not depend on the absolute values of the stiffness of symmetric elastic supports, but are sensitive to certain degrees of asymmetry in the elastic supports. The asymmetric bifurcation loads are sensitive to both the magnitudes of the stiffness of equal stiffness within some ranges and certain degrees of asymmetry in the elastic supports.
Conclusions
In this paper, we introduce an analytical approach to investigate the primary and secondary equilibrium states and the critical loads for elastically supported shallow arches subjected to transverse loads. Unlike most existing studies on elastically constrained shallow arches, the analytical solutions of nonlinear equilibria and critical loads are derived for arches with arbitrary initial shapes. Several interesting phenomena such as secondary equilibria with higher order symmetric deformations and remote unconnected equilibria, which have not been reported in the previous studies for shallow arches with elastic supports, are found to exist. Results obtained from the analytical derivations are confirmed using finite element analysis (FEA).
The curved beams with initial shapes u 0 = h/2(1 − cos 2ξ) and two elastic supports in the vertical direction with stiffness s 1 and s 2 are adopted to study the effects of the rise, thickness and elastic boundary conditions on the nonlinear equilibria and stability of shallow arches. For elastic supports with equal stiffness, when the non-dimensional rise h is increased, the primary equilibrium path of the arch has more loops (more pairs of limit points) and there are more secondary equilibrium paths (more pairs of bifurcation points). Unlike arches with pinned-pinned boundary conditions, the arches with vertically elastic boundary conditions can also bifurcate into secondary equilibrium paths with higher order symmetric deformation modes. The symmetric secondary paths occur when p = (n + 1) 2 (n = 3, 7, 11, ...), while the asymmetric secondary paths appear when the dimensionless axial load p = k 2 n (n = 2, 4, 6, ...). A small asymmetry in the elastic supports cause dramatic changes in the asymmetric secondary paths. An asymmetric secondary path either disappears if C 4 < 0 or shrinks into a single connecting point at a zero load value if C 4 > 0. The disappearance of the asymmetric secondary path makes the primary equilibrium path split and remote unconnected equilibrium paths appear. These remote unconnected equilibrium paths can not be directly obtained in FEA or experiments under continuous parameter controls, but can be obtained with advanced knowledge of the presence and location of these paths and adequate selection of initial conditions in the iterative schemes (Fig. 2) . The contracting of the secondary path into a connecting point corresponds to a pair of bifurcation points (at asymmetric branches) disappearing and a pair of limit points emerging instead. In contrast, symmetric bifurcation paths do not have any abrupt change but only slightly shrink for a small asymmetry in the supports.
The derived formulas of the solutions to the buckling equations are then used to directly calculate the critical loads of the elastically supported arches with no need to solve the equilibrium equations. It is found that the limit loads and symmetric bifurcation loads are not influenced by the magnitude of the stiffness of symmetric elastic supports, but the asymmetric bifurcation loads are greatly affected by the variation of the stiffness of symmetric elastic supports in certain ranges. When the elastic supports change from symmetric to asymmetric, the limit loads and symmetric bifurcation loads retain their original types but are sensitive to the degree of asymmetry of the vertical supports for certain ranges of s 2 /s 1 , while the asymmetric bifurcation loads become limit loads and are also significantly affected by the degree of asymmetry of the vertical supports for some ranges of s 2 /s 1 . A small asymmetry in the elastic supports makes the upper critical loads of all pairs significantly decrease. All pairs of critical loads tend to come close when the degree of asymmetry is increased, that is when s 2 /s 1 goes away from one. Many pairs of critical loads stop varying when s 2 /s 1 is far away from one and some of them even totally disappear.
The odd order mode shapes Y n (ξ)(n = 1, 3, ...) are symmetric in the span range ξ ∈ [0, π] but have zero values at the two ends of the arch (the left subplots of Fig. 9 ), indicating that these modes do not account for any vertical deformation of the elastic supports. The even order mode shapes Y n (ξ)(n = 2, 4, ...) are non-symmetric and also not anti-symmetric (note the y values at the two ends in the right subplots of Fig. 9 ). Each even order mode consists of two parts. The first part c n [sin(k n ξ − k n π 2 ) − (k n ξ − k n π 2 ) cos k n π
2 )] is anti-symmetric and has non-zero values at the two ends, suggesting that this part includes the anti-symmetric displacement components of the elastic supports. The second part c n [( ) cos k n π 2 ] is constant but proportional to the difference of s 1 − s 2 . Consequently, it only accounts for part of the symmetric displacement of the elastic supports. For example, when s 1 = s 2 , this part is always zero despite the fact that the symmetric part of the displacement can be nonzero. Therefore, although the above mode shapes satisfy the boundary conditions in Eq. (7), they fail to include all the displacement contributions of the elastic supports. These mode shapes still give correct axial and buckling loads since the symmetric displacement component of elastic support does not affect the internal force. We will still use these mode shapes to solve the equilibrium and buckling equations, and then we will correct the total displacement.
To obtain the even order mode shapes, we still need to calculate k n from Eq. (9) . Without loss of generality, a combined stiffness parameter s = s 1 s 2 s 1 +s 2 is introduced here to simplify the solution process. It can be seen from Eq. (9) that the intersections of the two functions f 1 = tan k n π 2 and f 2 = k n π 2 − k 3 n 2s are the solutions for k n . Fig. 10a illustrates f 1 and 3 instances of f 2 (with stiffness s = 10, 40, and 100). f 1 (the solid curve) is a tangent function of k n with a period of 2 and varies monotonically from negative to positive infinity within each period. f 2 (the dashed curve) is a cubic function of k n and increases from zero to a maximum value when k n varies from zero to √ πs. f 2 then continuously decreases when k n is above √ πs. Therefore, for every s = , an infinite number of solutions for k n (k 2 < k 4 < k 6 , ...) exist. The lowest fifteen k n are shown in Fig. 10b for 0.1 ≤ s ≤ 500. Each k n has a special short interval where it quickly increases to a larger value, but barely varies for other values of s. This special interval shifts to larger values of s with increase in the mode number. 
